We present a complete analysis for double soft limit of graviton scattering amplitude using the formalism proposed by Cachazo, He and Yuan. Our results agree with that obtained via BCFW recursion relations in [1] . In addition we find precise relations between degenerate and nondegenerate solutions of scattering equations with local and nonlocal terms in the soft factor.
Introduction
In a series of seminal papers [2, 3, 4, 5, 6] Cachazo, He and Yuan developed a remarkable formalism of calculating scattering amplitude for a large variety of theories like gravity, Yang-Mills, non-linear sigma models, Dirac-Born-Infeld and many others using integrals over moduli space of punctured Riemann spheres. They showed for scattering of n massless particles tree-level scattering amplitude is given by
σs are the coordinates of punctures on the complex spheres and the integrand I n is theory dependent. Arguments of the delta functions are the so called scattering equations given by
These scattering equations are invariant under SL(2, C) transformations which implies we can fix any three out of the n σs to arbitrary values like 0, 1 and ∞. Division of the measure by volSL(2, C) is required to fix the SL(2, C) gauge redundancy. Because of the presence of delta functions the integrals are actually localized to the (n − 3)! solutions of the n scattering equations. An important aspect of CHY representations is they hold in arbitrary dimensions. One loop scattering amplitudes from Riemann sphere for supergravity, super-Yang-Mills and non-supersymmetric cases have been derived in [7, 8] . One loop corrections to scattering amplitudes of scalars and gauge bosons have been done in [9, 10] . In [11] amplitudes for supergravity and super-Yang-Mills at two loop have been presented. An outstanding outcome of CHY formalism is the extensive study of soft theorems in a large class of theories [12] . Single soft limit as well as multiple soft limits of scattering amplitudes can be obtained with remarkable simplicity in this method [2, 13] . Subleading soft factors for Yang-Mills and gravity amplitudes have been derived in [14, 15, 16, 17] in CHY formalism. These subleading soft factors were first derived in [18] using BCFW recursion relations. Elaborate studies on the factorization properties of graviton amplitudes can be found in [19, 20] . For gravity one can write
where the soft factors are given by
Following the method depicted in [13] we initiated the study of double soft limit of tree level gravity scattering amplitude in [21] and the result thus obtained was matched with Feynman diagrammatic. However we observed two important features of our result:
• The derived soft factor was of O(τ −1 ) whereas from Feynman diagrammatic we found a term of O(τ −2 ). Naively looking at expressions (4) it is justified to expect a leading double soft factor of O(τ −2 ).
• We could only obtain the term which corresponds to the local processes where two soft gravitons are emitted from single hard legs. Double soft factors of gravity have been derived using BCFW analysis in [1] . There for simultaneous double soft emissions the leading and subleading factors are found out to be
where S (i) (q hm ) is the single soft factor corresponding to m-th soft particle with helicity h m at i-th order. The result of [21] precisely matches with the last subleading term which is also called the contact term.
The aim of this study is to address the above mentioned issues. It turns out that we need to extend the formalism set up in ( [13] ) and consider more terms (which are called non-degenerate contributions) to complete the analysis. In this paper we include this additional contributions to derive the so called noncontact terms of (5), which can be written as products of two single soft factors. Multiple soft limits of gluons, gravitons and super-Yang-Mills theories have been discussed in [22] where the authors showed leading order multiple-soft factor for graviton is given by the product of multiple single-soft factors. This paper is organized as follows: In Sec.(2) we review the double soft limit of scattering amplitude in CHY representation. We give a detail discussion of degenerate and nondegenerate solutions. We derive double soft factors at leading and subleading orders for gravity amplitude in Sec.(3) and show our result matches with that of [1] . We discuss the important aspects of our results in Sec.(4) before ending with some concluding remarks and future directions of work in Sec.(5).
Double Soft in CHY
Scattering amplitude for n massless particles is given in CHY representation by Eq.(1). Our starting point is n + 2 point amplitude which can be written as
Here we have separated out (n + 1)th and (n + 2)th integrals for reasons that will be clear shortly. In the soft limits where two of the particles' momenta tend to zero at the same rate (let us denote the soft momenta by k n+1 = τ p and k n+2 = τ q with τ → 0) the scattering equations f α can be written as
Thus effectively in the vanishing limit of τ there are n scattering equations for n hard particles. Solving these n equations one obtains solutions for σ 1 , σ 2 , · · · , σ n and there are (n − 3)! such solution sets. The last two scattering equations do not provide any solution, rather they are used to transform the σ n+1 and σ n+2 integrals to contour integrals. As we will see there are subtleties in performing these contour integrals depending on the behavior of |σ n+1 − σ n+2 |. In the seminal paper [13] the authors classified the behavior in two categories: 1) non-degenerate solutions -when |σ n+1 − σ n+2 | ∼ O(τ 0 ) and 2) degenerate solutions -when |σ n+1 − σ n+2 | ∼ O(τ ). It was shown that for theories like sGal, DBI, EMS, NLSM and YMS the leading order contribution come from the degenerate one. However in case of pure gravity (which is given by Einstein-Hilbert action) we find the opposite feature, non-degenerate contribution dominates over the degenerate one. We will elaborate on this issue in more details as we proceed.
Non-degenerate Case
Here we consider the situation when |σ n+1 − σ n+2 | ∼ O τ 0 . This implies that the two soft punctures never overlap each other. The delta functions corresponding to the last two scattering equations, f n+1 and f n+2 now transform the integrations of σ n+1 and σ n+2 variables to independent contour integrals where each of σ n+1 and σ n+2 wraps over solutions of σ a , ∀a ∈ {1, 2, · · · , n}. Clearly this gives a hint of nonlocal processes where soft particles can be emitted from different external hard particles. In this case the scattering amplitude (6) takes the form
From here onwards we will drop the summation signs and assume sum over the contour integrals is implied. Both the measure and the integrand can be expanded in orders of τ parameter as follows.
where we define C 1 := . Product of the delta functions can be expanded as
where
. Prime denotes exclusion of any three delta functions due to SL(2, C) redundancy. Similarly we can write the integrand as a Taylor series expansion
Therefore using Eq. (9), Eq. (10) and Eq.(11) expansion of M n+2 in Eq. (8) is given by
It is immediately evident from the above expression that the first term readily gives product of two single soft factors.
Degenerate Case
The case when |σ n+1 − σ n+2 | ∼ O(τ ) has been studied in great detail in [13, 23] . A new pair of variables is defined
and integration of σ n+1 and σ n+2 now transforms as
Actually in this situation contours of σ n+1 and σ n+2 approach each other at a rate τ , so the contours can not be considered separately like the previous case. The soft punctures pinch together and effectively there is now a single contour of integration left. One of the delta functions is used to localize the integral to the solutions of ξ and the other delta function deforms the contour of integration of ρ which wraps over solutions of σ a , ∀a ∈ {1, 2, · · · , n} . Expanding ξ perturbatively in terms of τ as
we obtain an expansion of the scattering amplitude
There will be an additional term which comes from taking the ρ contour at infinity. In this case contributions come from residues evaluated at single contour integration. Hence there will be a single summation over hard legs and this term corresponds to the local processes. From the perspective of Feynman diagrams local processes occur when two soft particles are emitted either from a four point vertex or from a cubic vertex mediated via an internal propagator joined to an external leg at another cubic vertex.
Double Soft Limit in Gravity
In [21] gravity amplitude in the limit when two gravitons become soft has been derived using the degenerate solution of ξ. There the leading term was found to be O(τ −1 ). Although the result was in agreement with the Feynman diagrams at that order, we found an additional term of O(τ −2 ), which was exactly product of two single soft factors, coming from one of the diagrams. It was argued that the term is absent from the CHY result because it is non-local and corresponds to the process where two soft gravitons are emitted from different hard legs. However as mentioned in Sec.(2) it will be shown in the following analysis that the non-local terms can be incorporated in the CHY result by taking into account the non-degenerate solutions. Interestingly this not only gives the leading order term at O(τ −2 ) but also sub-leading order terms which are non-local as well. Moreover the final result that we obtain is consistent with the answer derived using BCFW analysis done in [1] .
The integrand for pure gravity theory is given in terms of reduced Pfaffian of an antisymmetric matrix in the following way
The matrix is given by
where each of A, B and C is n × n matrix and the components are:
The Pfaffian of Ψ n vanishes because it has a nontrivial kernel of dimension two, spanned by the vectors (1, 1, . . . , 1; 0, 0, . . . , 0) T and (σ 1 , σ 2 , . . . , σ n ; 0, 0, . . . , 0)
T .
Reduced Pfaffian is defined by deleting any ith row and jth column of the above matrix with i, j ∈ {1, 2, · · · , n},
We will first evaluate Eq. (12) . Let us label the soft momenta as k n+1 = τ p and k n+2 = τ q. Then Ψ n+2 in the gravity integrand can be expressed as
At leading order the gravity integrand, Pf ′ (Ψ n+2 ) 2 becomes
Therefore the leading order double soft factor is
which is product of two leading order single soft factors [24] as expected. This term is non-local and satisfies the properties of gauge invariance. It is obvious that a generic result holds for leading factor in multiple soft emissions which is given by product of that many single soft factors [22] .
Next we consider the sub-leading terms in Eq. (12) . Let us look at the term with σ n+1 − σ n+2 in the denominator. We get an expression
If we do the σ n+2 integration first we will find that the contour integral does not contain any pole and therefore there is no residue. Also since |σ n+1 − σ n+2 | 0, so σ n+1 is outside the contour of σ n+2 which wraps over the solutions of σ a , ∀a ∈ {1, 2, · · · , n}. Hence the contour integration vanishes. Thus we see the last term in Eq. (12) as will be explained below. Sub-leading soft factor for gravity is given by [18] 
whereĴ is a first order differential operator which acts on both momenta and polarizations. In the subsequent steps we will closely follow the analysis of [15] . Acting S (1) (p) on M n we get
Let us now focus on the δ 
Now using
and comparing with Eq. (27) it is evident that Eq. (28) becomes
In the rest of the analysis to make our calculations easier we will choose the following gauge fixing conditions
It is to be noted that our final results remain unaffected by this choice of gauge conditions. These conditions allow us to reduce the number of terms appearing in the intermediate steps of our calculations, nevertheless one can also do similar analysis without fixing any gauge condition as is done in [17] . Now our task is to find I
(1) n+2 and calculate the remaining term in Eq. (12) . Taking derivative of the determinant and using Eq.(31) we get
whereΨ a b denotes determinant of the reduced matrix with ath row and bth column removed. After expanding the reduced determinants the above equation can be written as
Substituting I
(1) n+2 into the relevant term in Eq. (12) and doing the contour integrals over σ n+1 and σ n+2 we get
Details of the above calculations are provided in Sec.(A). Finally it can be shown that Eq. (34) is equal to
Adding together Eq. (30) and Eq.(35) the non-contact subleading terms of the double soft factor are obtained
This completes our analysis of nondegenerate solutions leading to nonlocal terms. Since S (0) and S (1) are individually gauge invariant, each of the terms also remains gauge invariant. Also leading and subleading single soft factors do not depend on the helicity of soft graviton and hence expressions (24) and (36) are also independent of helicities of the soft gravitons.
The contribution from the degenerate solution has been derived in [21] . It gives a contact term at subleading order
Interestingly this contact term vanishes when both the soft particles are of same helicity and survives when they are different. It can be shown in the spinor helicity notations if we choose ǫ , then the above expression reduces to that of [1] 
Therefore we see double soft factors of gravity amplitude upto subleading order are given by
Discussions
In [13, 23] double soft behavior of large class of theories containing scalars have been explored in great detail. It was shown that in sGal, DBI, EMS, NLSM and YMS contributions from nondegenerate solutions are suppressed compared to degenerate ones. In this analysis we find in case of gravity opposite thing happens: leading order double soft factor comes from nondegenerate solutions whereas at subleading order both degenerate as well as nondegenerate solutions contribute. Moreover this analysis improves our understanding of local and nonlocal terms in terms of punctures on the complex spheres.
• When the soft punctures coalesce together we get unique degenerate solution such that effectively we have a single contour integration and this gives us the contact term. This term corresponds to the scattering processes where soft gravitons are emitted from the same external hard legs. As was explained in [21] the local term contains a four point vertex and combinations of three point vertices.
• The noncontact terms appear as a result of the nondegenerate solutions where there are two separate and independent contour integrals, performing each of these integrals we obtain single soft factors and this explains why these terms always occur as product of soft factors. Noncontact terms relate to the scattering processes where soft gravitons can be emitted from different hard legs.
Another important property of the derived soft factors (39) is the independence of spacetime dimensions.
Conclusion
In this paper we derived double soft factors of pure gravity amplitude at leading and subleading orders from CHY formalism. It is now clear that both degenerate and nondegenerate solutions have contributions at subleading order while leading order soft factor comes from taking into account the nondegenerate solutions only. Our finding adds to the result of [21] , which was incomplete because noncontact terms were left out. Here we presented detail explanations for noncontact and contact soft factors in terms of nondegenerate and degenerate solutions. Leading and subleading factors (39) are valid at tree level and hold in any arbitrary dimensions of spacetime. Loop corrections to single soft factors have been studied in [25, 26, 27] . It can be shown that leading soft factor is protected from loop corrections whereas subleading ones receive corrections at loop level. It will be interesting future work to see how the double soft factors behave under loop corrections.
Soft theorems of gravity and Yang-Mills are manifestations of asymptotic symmetries of space time. In [28, 29, 30, 31, 32, 33, 34] relations between Weinberg's soft theorem and BMS symmetries at asymptotic null infinity have been established. It will be interesting to study the asymptotic symmetries, if present, for double soft gravity theorem. Current-current algebra for double soft gluon amplitude at null infinity has been studied in [35, 36] where it was shown to produce a level zero Kac-Moody current. Similar such studies may be done for double soft graviton amplitude also. The noncontact terms in the gravity amplitude may be due to the action of two supertranslation operators at leading order and supertranslation and superrotaion operators together at subleading order. However the contact term makes situation more interesting and some nontrivial symmetry may be responsible for its presence 1 .
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A Details of calculations
The reduced determinants in Eq. (32) are given by
Plugging back these expressions we obtain Eq. (33) .Now using the relation Ψ 
we get the first part in Eq.(34) multiplying S (0) (q) factor. Similarly one can obtain the other part. Now we consider the action of S (1) factor on the determinant I n . 
The action of S 
The gauge fixing conditions reduce Eq.(42) to the first term of Eq. (34) . The other term can be calculated in analogous way.
